Introduction
Let M be a C 1 , nonpositively curved manifold. A horosphere in M is the projection to M of a limit of metric spheres in the universal coverM (see x2). A horospherical foliation H is a foliation of the unit tangent bundle T 1 M whose leaves consist of unit normal vector elds to horospheres. 1 While regularity of horospherical foliations has been studied extensively for negatively curved manifolds M, considerably less is known in the nonpositively curved case. The most general result is due to P. Eberlein: if M is complete and nonpositively curved, then horospheres are C 2 , which implies that the individual leaves of H are C 1 . Further, the tangent distribution TH depends continuously the basepoint v 2 T 1 M (see 9]). Beyond Eberlein's theorem, smoothness results have consisted mainly of counterexamples ( 2] , 5]); in particular, the best one could hope for in the case of a general compact, nonpositively curved M is for TH to be H oldercontinuous. In this paper we prove Theorem I 0 : Let S be a compact, real-analytic, nonpositively curved surface. Then TH is H older. Theorem I 0 is actually a corollary of a more general result, Theorem I below.
The problem of nding the regularity of horospherical foliations has a long history, which we brie y summarize here. 1 As we explain in x2, there are two such foliations, H ? and H + , called stable and unstable horospherical foliations, respectively. In this discussion, we use H to denote either of these.
E. Hopf showed in 7]
that if M is a compact, negatively curved surface, then TH is C 1 . Under the assumption that the sectional curvatures of M are 1=4-pinched, Hopf's result was generalized by M. Hirsch and C. Pugh 10] to any dimension. It follows from the work of D. V. Anosov 1] that TH is always H older, when M is compact and negatively curved.
In Anosov's theorem, the conclusion \H older" cannot be improved to \C 1 ". In fact, B. Hasselblatt 8] has found open sets of metrics, with negative curvature arbitrarily close to 1=4-pinched, for which the horospherical foliations fail to be C 1 . Related bounds on the smoothness of TH beyond C 1 , in the context of 3-dimensional Anosov ows, were found by S. Hurder and A. Katok 11] . An example of W. Ballman, M. Brin and K. Burns shows that compactness is necessary in Anosov's result; they construct in 2] a complete, nite volume surface whose curvature is arbitrarily close to ?1 but for which TH is not H older.
Returning to the compact, nonpositive curvature case, Gerber and V. Nit ic a 5] have examples of real-analytic surfaces showing that TH in Theorem I 0 can fail to have a H older exponent greater than 1=2. In particular, TH can be non-Lipschitz.
A related issue is that of the regularity of TH along the leaves of H; that is, how smooth are the leaves of H? For M compact and negatively curved, Anosov 1] showed that the leaves of H are C 1 . In the case of nonpositive curvature, Eberlein's \C 1 " conclusion cannot be improved to \C 2 "; Ballman, Brin and Burns construct in 2] a compact, real-analytic surface of nonpositive curvature for which the leaves of H fail to be C 2 . However, the non-C 2 leaves in their example are C 1+Lipschitz , (i.e., TH is Lipschitz along leaves) and this suggested to us the question of whether this is always the case for compact, real-analytic surfaces of nonpositive curvature. As a corollary of our Theorem II below, we have Theorem II 0 : Let S be a compact, real-analytic, nonpositively curved surface. Then the leaves of H are uniformly C 1+Lipschitz .
Our interest in these questions arose while studying the ergodic properties of the geodesic ow for analytic, nonpositively curved surfaces. We asked whether the time-one map of such a ow remains ergodic under suitable perturbations. Related results for negatively curved manifolds use H older continuity of the horospherical foliations in a central way ( 6] , 13], 12]). We hope that Theorems I and II can be used to establish similar results for 2 certain nonpositively curved surfaces.
Statement of Results
Throughout this paper we always assume that manifolds are boundaryless. We follow the usual convention of referring to horospheres as \horocycles" when M has dimension 2.
Theorem I: Let S be a compact surface with a C 1 metric of nonpositive curvature K satisfying the following conditions: 1) If is a geodesic that is not closed, then there is no in nite time interval I for which K( (t)) = 0, for all t 2 I.
2) If is a closed geodesic, then there exists a t such that K does not vanish to in nite order at (t). There are Lipschitz metrics with this property 3]. At the end of x3 we give an example to show that the estimates on the curvatures of the horocycles that are used in our proofs do not hold without hypothesis 2).
We also have an easier version of Theorem I, with a weaker conclusion, but which holds without the assumptions 1) and 2).
Proposition III: Let S be a compact surface with a C 4 metric of nonpositive curvature. Then the leaves of the horocylic foliations H + and H ? are uniformly C 1+1=2 ; that is, TH is uniformly 1=2-H older along leaves.
Outline of the proofs
To prove these results, we study the dependence on v 2 T 1 S of solutions to the scalar Riccati equation
where v (t) is the unit-speed geodesic determined by v, and K : S ! R is the curvature. In x2 we explain how H older regularity of TH amounts to H older dependence on v of the \unstable" solutions to the Riccati equations.
In x3 we turn to a study of these Riccati equations. The analysis begins by taking the di erence of two Riccati solutions u 0 and u 1 along geodesics determined by v 0 and v 1 , to obtain where K 0 and K 1 are the curvatures of S along these geodesics. To obtain our regularity results, we need j(u 1 ? u 0 )(0)j to be small relative to the distance between v 0 and v 1 . It is apparent from (1.1) that ju 1 ?u 0 j decreases rapidly if u 1 + u 0 is large relative to jK 0 ?K 1 j. The remainder of the proofs is devoted to estimating the sizes of these terms.
The proof of Proposition III depends only on Lemmas 3.1 and 3.2. For the proofs of Theorems I and II, we need the additional Lemmas 3.3 -3.5.
The proof of the lower bound in Lemma 3.3 is presented in x4.
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2 Preliminaries
Let M be a complete n-dimensional manifold of nonpositive sectional curvatures and letM be its universal cover. We now de ne the horospherical foliations discussed in the introduction. For a unit vector v let v denote the geodesic in M (orM) with 0 v (0) = v. Vectors v; w 2 T 1M are asymptotic if there exists a constant C > 0 such that for all t > 0, dist( v (t); w (t)) C. We project the horospheres fromM into M to obtain horospheres for vectors in T 1 M. Similarly, we obtain the horospherical foliation of T 1 M.
We are interested in the regularity of TH , which reduces to the regularity of the sectional curvature of the horospheres. These sectional curvatures are determined by solutions to certain Riccati and Jacobi equations. We now restrict to the case where M is a surface, S, and these equations can be reduced to scalar ones. J n (n) = 0. The unstable Jacobi eld J + is de ned by the same formula, except replacing lim n!1 by lim n!? Throughout this paper all geodesics have unit speed. We will use Fermi coordinates (s; x) along a geodesic inS, where s is the time parameter along , and x is the signed distance to . Then the curves s = constant are unit-speed geodesics perpendicular to . We will frequently use to denote the angle between a vector v and the curve x = constant; unless stated otherwise, such angles will be signed angles in ? =2; =2] chosen so that^(@=@x; x = a) = =2. This lower bound is proved in x4.
The following lemma contains facts which are routinely used in the study of Riccati and Jacobi equations. For example, part (iii) is the Comparison Lemma in 2] and it is also a special case of a well{known di erential inequality ( 7] , Chapter III, Corollary 4. The following lemma will be applied to the curvature function f = K. In this lemma the complete surface S could easily be replaced by a complete Riemannian manifold.
Lemma 3.2 If f is a nonpositive function on a complete surface S such that j(d 2 =dt 2 )(f( (t)))j exists and is uniformly bounded from above along all geodesics , then there exist constants L 1 ; L 2 > 0 such that for all p; q 2 S,
Proof. Let L = supfj(d 2 =dt 2 )j t=0 (f( (t)))j : is a geodesic on Sg. Let p 2 S, and let be a geodesic on S such that (0) = p and 0 (0) is in a direction of the greatest increase of f at p; i.e., (d=dt)j t=0 (f( (t))) = kDf p k. Let g : R ! R satisfy g(0) = f( (0)); g 0 (0) = (d=dt)j t=0 (f( (t))) and g 00 (t) = ?L for all t.
Then for t 0,
Setting t = kDf p k=L, we obtain kDf p k
L=2. Then the lemma follows from Taylor's Theorem.
In the following lemmas, we begin invoking our hypotheses 1) and 2) on the surface S. The assumption that there is a point on where the curvature does not vanish to order m is not needed to obtain these upper bounds. The lower bounds are proved in x4.
Note that the hypothesis of Lemma 3.3 could not hold for odd m, because K does not change sign. Proof of Theorem I. Let 0 and 1 be two geodesics onS such that 0 0 (0) and 0 1 (0) are on the same unstable horocycle; i.e., lim
To prove that the leaves of the unstable horocycle foliation of T 1S (or T 1 S) are uniformly C 1+Lipschitz , it su ces to show that there exists a constant C > 0 (depending only on S) such that jk + ( 0 1 (0)) ? k + ( 0 0 (0))j C ; 11 where = distS( 0 (0); 1 (0)). Since K 0, distS( 0 (t); 1 (t)) , for t 0. This completes the proof. The following proof is similar to the proof of Theorem I, but is independent of Lemmas 3.3 -3.5.
Proof of Proposition III. Let S be a compact surface with a C 4 metric of nonpositive curvature. Then K is C 2 and Lemma 3.2 applies to f = K. We use the notation in the proof of Theorem I, but let A = ?1= p and B = 0. By Lemmas 3.1(ii) and 3.2, we have
By the argument at the end of the proof of Theorem I, the third term in the preceding expression is bounded above by ?1=A = p . Therefore, if 1,
for some C > 0. This proves that the leaves of H + are uniformly C 1+1=2 .
We now turn to the proof of Theorem II. We need an additional lemma. Step 1. We rst show that it su ces to prove (3.6) in the case v 0 and v 1 have the same footpoint. I.e., we will show that (3.6) will follow for some < . This completes the reduction of (3.6) to (3.7), and we proceed with the proof of (3.7).
Step 2. Application of Lemma 3.5. is less than or equal to p ; for ? T 0 t 0g:
Let K r (t) = K( r (t)) and let J r be the perpendicular Jacobi eld along r de ned by J r (t) = (d=dr)( r (t)). Let J r (t) = j r (t)E r (t), where E r 's are unit normal elds along r 's oriented so that j r (t) > 0 for t < 0. Then j r (0) = 0 and j 0 r (0) = ? . By comparing with the K 0 case and applying Lemma 3.1 (v) (with t replaced by ?t), we have j r (?T ) T. .16) Step The same argument shows that this inequality also holds with u 0 and v 0 replaced by u 1 In both cases, (3.7) holds for = min(1=4; =4) and some positive constant C.
Although we do not have counterexamples to Theorems I and II if hypothesis 2) is omitted, we now give an example to show that the crucial Lemmas 3.4 and 3.6 fail to hold without hypothesis 2). This example satises hypothesis 1).
Example. Let S be a compact surface containing a closed right circular cylinder C with negative curvature on S nC. Let be a closed geodesic along the boundary of C and let S be constructed so that for some > 0, the neighborhood of in S is a surface of revolution, and in Fermi coordinates T 1 u + (?T 1 ) + 1 1 T 1 < C 3 ; (3.26) where C 3 = 1=C 2 . By (3.25) and (3.26) we see that the second inequality in the conclusion of Lemma 3.6 does not hold for any constant C.
We now show that the same example also fails to satisfy the conclusion of Lemma 3.4. Let 0 < x 0 < , let 0 < < =2, and let v and = v be as above. Let T 2 = supfT > 0 : dist( (t); )) x 0 for 0 t Tg. 
Lower Bounds on Curvatures of Horocycles
In this section we establish the lower bound given in Lemma 3.3 on the curvatures, k + (v), of the unstable horocycles. We consider the curvatures of these horocycles at vectors v that are close to T 1 , where is a closed geodesic along which the curvature K of S vanishes identically. As in hypothesis 2) of Theorems I and II, we will assume that there is a point q on such that K does not vanish to in nite order at q. Assume that q is chosen so that the order to which K vanishes is minimized (over points of ) at q. The next lemma is due to Keith Burns. This lemma will enable us to estimate the lengths of time intervals that geodesics v in S (or inS) spend in certain regions, by making the analogous estimates for a surface of constant negative curvature. Note that there is no assumption on the sign of the curvatures.
Lemma 4.2 Let S 0 and S 1 be complete surfaces with curvatures K 0 and K 1 , respectively. For i 2 f0; 1g, let i be a unit-speed geodesic in S i , and let (s i ; x i ) be Fermi coordinates along i . Let I 0 , I 1 , and J be intervals in R, with 0 2 J, such that, for i 2 f0; 1g, the map p 7 ! (s i (p); x i (p)) is a di eomorphism from a neighborhood N i of i (I i ) onto I i J. We now calculate d 0 i (t) and 0 i (t), for t 2 0; T i ). In the following calculation, we drop the subscript i for ease of reading. Notice that 0 (t) = cos (t)S( (t)) + sin (t)X ( (t)); We may assume that was chosen su ciently small so that there exists an > 0 such that (4.7) implies that 1 < =4, whenever 0 < < (for any choice of b with 0 < b < ).
We will use the estimates cos z 1 ? z 2 =2 for 0 z =2 and cos z 1 ? z 2 =4 for 0 z =4. Also, there is a constant C 3 Conclusion of Case 2. In both subcases k + (v) C 14 j j for some C 14 > 0. Since j j C 0 jaj (m+2)=2 , this implies that there is a constant C > 0 such that k + (v) Cmax(jaj m=2 ; j j m=(m+2) ), which completes the proof. 
